A theoretical framework has been developed for the study of the nonlinear gravitational (g-) mode of a line-tied flux tube near marginal stability. The theory is based on an expansion using two small parameters, ∼ |ξ|/L eq 1, and n −1 ∼ k /k ⊥ 1, with ξ denoting the plasma displacement, L eq the characteristic equilibrium scale, k and k ⊥ the dominant wavenumber of perturbation parallel and perpendicular to equilibrium magnetic field lines respectively. When ∼ n −1 , the Cowley- 
I. INTRODUCTION
Nonlinear ballooning instability has received growing interests during recent years. In modern tokamak experiments, high-β regimes with very large plasma pressure gradient in both internal and external transport barrier regions have been routinely achieved in various high-performance confinement states. The degradation and termination of the highconfinement states, characterized with the disruption of transport barriers in high-β regimes, are often the outcome of the excitation and nonlinear development of MHD instabilities, such as ballooning instability. In the case of external transport barrier, the periodic collapse of edge pedestal of a H-mode plasma, a phenomenon known as the Edge Localized Mode (ELM), has close associations with the onset of peeling-ballooning instabilities in the pedestal region [1, 2] . The largest ELM events (type-I) can lead to large thermal energy and particle losses and have the potential to seriously damage tokamak wall and divertors. This is particularly the concern for H-mode operational regimes of ITER, which are characterized with the high-β and high fraction of bootstrap current driven by large pressure gradient in the edge. It is therefore crucial to understand and predict the growth and saturation of the nonlinear MHD (peeling-ballooning) instabilities associated with ELMs.
Nonlinear ballooning instability is also a candidate mechanism for a class of large scale, fast disruptions in space plasmas, including the substorm onset in the Earth's magnetotail [3] [4] [5] and solar coronal mass ejections (CME) [6, 7] . Traditional scenarios mostly invoke magnetic reconnection as the underlying process. Reconnection scenarios explain many features of the observations. One major drawback of the reconnection model for the fast disruptions of flux tubes in space plasma, however, is that they still have difficulty explaining the fast time scale observed in those events [8] . Because of the two-dimensional (2D) nature of the reconnection models usually used in those studies, flute-like ballooning modes with small wavelength traveling perpendicular to the 2D plane of reconnection are generally missing in those models. It is speculated that ballooning instabilities should introduce additional and major disruptions in the high-β regime, which is exactly the regime of space plasma in the near-Earth plasma sheet (6-15 R E ) [9] and in middle to upper corona (10-100 Mm) [10] , which are the sites of substorm onset and CME, respectively. In addition, there is emerging evidence that disruptions in space plasmas are not always the direct outcome of magnetic reconnections. For example, in the near-Earth magnetotail, substorm events have been observed to take place prior to the occurrence and away from the site of magnetic reconnections in the middle magnetotail [11] . In all those events, nonlinear ballooning instability may provide the secondary or primary mechanism needed to fully explain the disruption process.
Like magnetic reconnection, nonlinear ballooning instability is a universal process in magnetized plasma. However, unlike magnetic reconnection, nonlinear ballooning instability is a subject less studied or understood, mainly due to three reasons. First, until recent years, fusion plasmas are mostly in very low β regimes; space plasmas engaging in reconnection process, such as those in solar corona, have traditionally been considered as force-free. Advances in both fusion experiment and space observation have brought new interests in the instabilities of high-β plasmas. Second, ballooning mode, particularly in high-β plasmas, involves the interaction of kinetic, magnetic, and internal energy of the plasma. This adds a level of complication not present in the kinetic-magnetic interaction characterizing kink mode and magnetic reconnection process in a low β regime. Third, ballooning instability is a multi-scale process that combines a global structure along, a meso structure across, and a local structure perpendicular to field lines. The multiple scales involved bring considerable complexity and difficulty, such as anisotropy and stiffness, to the nonlinear analysis of the mode, in both theory and simulations.
A geometrically simpler variant of ballooning instability is the gravitational or g-mode of a line-tied flux tube. For the g-mode, the equilibrium magnetic field lines can be straight, and gravity plays an equivalent role to the magnetic field line curvature for ballooning instability. Because of the simpler geometry, the nonlinear dynamics of g-mode appears to be more amenable to analysis. For this reason, we focus on the study of the nonlinear g-mode as the first step towards the understanding of the nonlinear ballooning instability in more sophisticated geometries.
Earlier, Cowley and Artun [12] developed an MHD model for the nonlinear g-mode of line-tied flux tubes near marginal stability. Their model admits a detonation regime where the nonlinear g-mode develops finite-time singularity, exhibiting fast-than-exponential ("explosive") growth. The theory was later extended to model the nonlinear ballooning instabilities in Earth's magnetotail [13] and in tokamak plasma [14] . The detonation regime of the nonlinear ballooning instability models has been invoked to explain the current sheet disruption during a substorm onset and the rapid edge plasma pedestal loss during ELMs.
Such a regime, however, has not been observed in direct ideal MHD simulations of nonlinear g-mode [15, 16] or in direct resistive MHD simulations of nonlinear ballooning instability [17] [18] [19] [20] .
In this work, we have developed a theoretical framework for the study of a generic nonlinear ballooning instability. It has been applied to the nonlinear gravitational (g-) mode of a line-tied flux tube in particular. At the order = n −1 , the Cowley-Artun regime [12] is recovered where the plasma is to the lowest order incompressible. The detonation regime where the nonlinear growth of the mode is finite-time singular is a narrower subset of the 
II. THEORY FRAMEWORK
A Lagrangian formulation of the ideal MHD equations is used for our analysis [12, 21] .
In particular, the equation of motion can be written as
where
and a nonlinear ballooning expansion of the form
are introduced. The MHD equation in (1) is expanded accordingly. Here, we define the 
III. LINEAR STRUCTURE (1ST ORDER IN )
We write Eq. (1) as
where I α (ξ) denotes the inertial term on the left hand side, and F α (ξ) denotes the force term on the right hand side. Specifically they are expanded as follows
At the zeroth order of , the equation simply represents the force balance of the equilibrium
Within the first order expansion in , the expansion of Eq. (1) 
Here J {i,j} is the coefficient of i n − j 2 in the expansion of Jacobian J(r 0 , t), and
A. Linear Ballooning-g Mode: Growth Equation
With an eikonal approximation ξ ∼ exp (−k y y), where k y ∼ n −1 , we obtain the local eigenmode equations (aligned along each field line at a given x 0 ) from above expansions:
The two coupled eigenmode equations strongly resemble those for a linear ballooning mode in a curved magnetic field [22, 23] . It is worth noting that linear ballooning-like eigenmodes always involve plasma and magnetic compressions. Only near marginal stability when τ (18) and (19) reduce to a single differential-integral eigenmode equation
over the domain 0 < z < L z and Γ(x 0 ) is the local eigenvalue (growth rate) along each field line.
B. Linear Ballooning-g Mode: Envelope Equation
The local eigenmode equation LH(z) = Γ 2 H(z) only determines the mode structure H(z)
along field lines. The global mode can take the form
assuming
has been used. Using
together with line-tying boundary condition in x and no-slip boundary condition in z (which is equivalent to perfect conducting wall boundary condition in both x and z directions), we recover the envelope equation with the Connor-Hastie-Taylor ballooning structure [24]
where H ≡ dH/dz.
IV. NONLINEAR STRUCTURE (2ND AND HIGHER ORDER IN )
From the second and higher order expansions in , we obtain the nonlinear structure of the g-mode. Due to the limit of space, we list only the second order expansion below. Here
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A. = n −1 : Cowley-Artun (CA) Regime
As the mode grows, its magnitude can be measured by the ballooning scale n − j 2 in the decreasing sequence of j = ∞, · · · , 3, 2, 1, · · ·. When the mode acquires the absolute order of = n −1 , it enters a regime that was first modeled by Cowley and Artun [12] . In that regime, the mode is mostly incompressible, since at the lowest and dominant order, the plasma displacement is divergence-free
The local eigenvalue equation for ξ x{1,0} remains the same as in the linear case, so that
The dominant nonlinear term is the first order Jacobian J {2,−2} , and nonlinear effects modify the envelope equation [12] 
whereĀ ≡ L Table I ). The former ordering is a measure of the distance of the equilibrium away from marginal stability. The latter ordering applies when convection is small relative to the mode spatial scales, i.e. ξ · ∇ ∼ n becomes dominant. That is the so-called detonation mechanism first envisioned by Cowley and Artun [12] . The detonation regime where the C 4 nonlinear term dominates and the finite-time singular solution exists may be specified as follows:
It is noted that the detonation regime is a rather narrow subset of the general Cowley-Artun regime where Eq. (42) applies. The equilibrium has to be sufficiently close to linear marginal stability in order for the detonation regime to exist at all. Even within the detonation regime, the solution ξ x(1) may not demonstrate any finite-time singular behavior due to the small upper bound O(n −1 )L eq for that regime.
. . . As the mode grows to larger magnitude at the order = n −1/2 , the dominant nonlinear Jacobian scales as
so that the plasma compression of the dominant order, which is proportional to J {1,−1} , is no of the velocity field of the line-tied g-mode in a direct MHD simulation [16] . asymptotic limit n → ∞ is also where the ideal MHD model no longer applies. Nevertheless, it remains a numerical challenge to explore the nonlinear regimes of g-mode in the n → ∞ limit in direct MHD simulations.
C. Governing Equations for Intermediate Nonlinear Regime
In order to derive the governing equations for the intermediate nonlinear regime of gmode, we set = n −1/2 in expansion (3) so that
At the lowest order the three components of Eq. (1) are
where 
where F 1 (z, t) is a function to be determined, and
Since the mode is localized in the gradient region even in nonlinear phase, one may assume
) | x=0,Lx ∼ 0 at boundaries in x direction that is far away from the gradient region. This leads to closure condition F 1 (z, t) = 0. In that case, Eqs. (51), (50), and (52) compose a closed model equation system governing the intermediate nonlinear phase of g-mode.
Denote the linear local ballooning equations for g-mode as
For the sake of comparison, tbe governing equations for = n 
Clearly, during this nonlinear phase, nonlinearity directly and only modifies the x component of local ballooning mode equations. 
